Abstract. Using tools from Dirac geometry, we show through an explicit construction that any Poisson homogeneous space of any Poisson Lie group admits an integration to a symplectic groupoid. Our theorem follows from a more general result which relates, for a principal bundle M → B, integrations of a Poisson structure on B to integrations of its pullback Dirac structure on M by pre-symplectic groupoids. Our construction gives a distinguished class of explicit real or holomorphic pre-symplectic and symplectic groupoids over semi-simple Lie groups and some of their homogeneous spaces, including their symmetric spaces, conjugacy classes, and flag varieties.
exists a source-simply-connected integration, i.e., a Lie groupoid integrating the given Lie algebroid whose source-fibers are connected and simply connected, which is unique up to isomorphisms [19, 53] . In contrast with Lie algebras, not every Lie algebroid is integrable; obstructions to integrability are explained in [19] .
A Poisson structure π on a manifold M gives rise to a Lie algebroid structure on its cotangent bundle T * M , and the Poisson manifold (M, π) is said to be integrable if so is the corresponding Lie algebroid T * M . Obstructions to integrability of Poisson manifolds are studied in [20] (see also [15] ).
When a Poisson manifold (M, π) is integrable, the source-simply-connected integration G of the Lie algebroid T * M has the additional structure of a symplectic groupoid over (M, π); by definition, a symplectic groupoid [16, 49, 57] over a Poisson manifold (M, π) is a pair (G, ω), where G is a Lie groupoid (not necessarily source-simply-connected) and ω is a multiplicative symplectic form (see §2.1) such that the target map (G, ω) → (M, π) is Poisson. In this context, we also say that the symplectic groupoid (G, ω) is an integration of (or integrates) the Poisson manifold (M, π).
Symplectic groupoids are thus global objects corresponding to Poisson manifolds, extending the way Lie groups integrate Lie algebras. Besides their key role as part of a quantization scheme for Poisson manifolds (see e.g. [4, 33] ), symplectic groupoids have become an indispensable tool in the modern study of Poisson structures (see e.g. [21] ). A central problem in Poisson geometry is then to identify classes of Poisson manifolds which are integrable and devise methods to construct their symplectic groupoids.
An important class of Poisson manifolds consists of Poisson homogeneous spaces of Poisson Lie groups, originally introduced and studied by Drinfeld [23, 24] as semi-classical limits of quantum homogeneous spaces of quantum groups. Different methods have been employed in the literature to tackle integrability of Poisson homogeneous spaces, producing partial results e.g. in [6, 28, 43, 44, 56, 58] (see also [7, 8] for applications to quantization). In this paper, we prove integrability of Poisson homogeneous spaces in its full generality.
Main Theorem. Every Poisson homogeneous space (G/H, π) of any Poisson Lie group (G, π G ) is integrable.
Under some mild assumptions, we in fact construct explicit integrations of (G/H, π) (which are not necessarily source-simply connected). When applied to Poisson Lie groups and Poisson homogeneous spaces that arise in Lie theory, we obtain abundant examples of symplectic groupoids over semi-simple Lie groups and some of their most important homogeneous spaces. Details are given in §6.
Compared to previous works on integrability of Poisson homogeneous spaces, the main novelty in our approach is the use of Dirac geometry [17] . Recall (see §2.1) that a Dirac structure on a manifold M is a vector subbundle E of T M ⊕ T * M satisfying suitable compatibility conditions. Dirac structures are generalizations of Poisson structures, and our paper heavily relies on two of their key features. First, any Dirac structure E is a Lie algebroid, and if E is integrable as a such, its source-simply-connected integration carries the structure of a pre-symplectic groupoid [12] (generalizing integrations of Poisson manifolds by symplectic groupoids). The second feature is the existence of pullback and pushforward operations in Dirac geometry, see e.g. [10] . We remark that techniques from Dirac geometry have been used to solve or shed light on other problems from Poisson geometry (see, e.g., the lecture notes [51] by E. Meinrenken).
More specifically, in the first part of our paper we study integrability of Poisson structures on the bases of principal bundles via Dirac geometry: let M be a manifold with a free and proper action of a Lie group H, and consider a Poisson structure π on M/H. Let E be the Dirac structure on M which is the pullback of π by the natural projection q : M → M/H. In §2, we relate integrabilities of π and E. While the integrability of π implies that of E (see Remark 2.4), the converse is not always true (see Example 2.5). We introduce a condition on a pre-symplectic groupoid (G ⇒ M, ω) integrating the Dirac structure E, called H-admissibility (see Definition 2.9), and we show that if (G ⇒ M, ω) is H-admissible, then G carries an action of H × H whose orbit space G/(H × H) is a symplectic groupoid for (M/H, π):
see Theorem 2.10 for details. Consequently, we prove in Corollary 2.12 that integrability of the Poisson structure π on M/H is equivalent to the existence of an H-admissible integration of the pullback Dirac structure E on M .
Given a Poisson Lie group (G, π G ) and a Poisson homogeneous space (G/H, π) of (G, π G ), we observe in §3.1 (Lemma-Definition 3.2) that the Dirac structure E on G that is the pullback of π is (G, π G )-homogeneous in the sense that the group multiplication
of G is a (forward strong) Dirac map, and that (G, π G )-homogeneous Dirac structures on G are in one-to-one correspondence with lagrangian subalgebras of the Drinfeld double Lie algebra of (G, π G ). This implies that the Lie algebroid underlying any (G, π G )-homogeneous Dirac structure on G is isomorphic to an action Lie algebroid (Corollary 3.4) and is thus always integrable by [22] (see also [19, §5.2 
]).
Under the assumption that the Poisson Lie group (G, π G ) admits a Drinfeld double (Definition 3.8), for any (G, π G )-homogeneous Dirac structure E on G, we construct in §3.2 explicit (but not necessarily source-simply-connected) pre-symplectic groupoids integrating E. Under additional assumptions on a Poisson homogeneous space (G/H, π) of (G, π G ), we show in §4.1 that the explicit integrations in §3.2 of the pullback Dirac structure of π are H-admissible, so their (H × H)-quotients are integrations of (G/H, π) by Theorem 2.10. In §4.2, the extra assumptions on (G, π G ) and (G/H, π) are circumvented to prove integrability of (G/H, π) in its full generality. Results in §2 - §4 are presented in the category of real smooth manifolds. In §5, we show that the main theorem on integrability of Poisson homogeneous spaces also holds in the holomorphic category, in which integrations of complex Poisson manifolds are holomorphic symplectic groupoids. We also show that the explicit constructions of pre-symplectic groupoids in §3.2 and of their quotient symplectic groupoids in §4.1 carry through in the holomorphic setting. Section 6 is devoted to examples. In §6.1 (see also Example 3.14), we verify that our construction recovers the symplectic groupoids previously obtained e.g. in [6, 40, 43, 44] by different methods. In §6.2, we review examples of real or complex semi-simple Poisson Lie groups and some of their Poisson homogeneous spaces, such as their symmetric spaces, conjugacy classes, or flag varieties. Our constructions in §3 - §5 then give explicit examples of (real smooth or holomorphic) pre-symplectic or symplectic groupoids over such spaces. Applications of these examples, such as to integrable systems and to the program of quantization via symplectic groupoids, will be explored elsewhere. Notation and conventions: Let G ⇒ M be a Lie groupoid over M . We denote by s and t the source and target maps, by m : G (2) → G the multiplication, where
by inv : G → G the inversion map, and by ι : M → G the identity section. We write gh := m(g, h) for the product, 1 x := ι(x) for the unit arrow over x ∈ M , and g −1 := inv(g). Given g ∈ G, we have the right and left translations r g : s −1 (t(g)) → s −1 (s(g)), l g : t −1 (s(g)) → t −1 (t(g)).
When there is no risk of confusion, we simplify our notation and write e.g. r g (X) instead of dr g | h (X), where X is a tangent (multi-)vector at h. The Lie algebroid of G is the vector bundle A = Ker(ds)| M with anchor ρ = dt| A and bracket [·, ·] on Γ(A) through its identification with right-invariant vector fields on G via
Similarly, for u ∈ Γ(A), we define the left invariant vector field u l on G via
The "opposite" Lie algebroid A op has underlying vector bundle Ker(dt)| M , anchor ρ op = ds| A op and bracket [·, ·] op on Γ(A op ) via its identification with left-invariant vector fields on G. There is a natural vector bundle isomorphism from A to A op (obtained from the identification of both with the normal bundle to ι : M → G) given by u → u − ρ(u), which is a Lie algebroid anti-homomorphism. The identification inv : A → A op given by the inversion is the Lie algebroid isomorphism u → ρ(u) − u.
We keep the same convention for Lie groups and Lie algebras. In particular, for a Lie group G with g = T e G, the Lie bracket on g satisfies
For ξ ∈ g * , we denote by ξ r and ξ l be the respectively right and left invariant 1-forms on G with values ξ at e.
Preliminaries on Dirac geometry
2.1. Dirac structures and pre-symplectic groupoids. We start by recalling some facts about Dirac manifolds [17] (see also [10] ) and their integrations [12] .
For a smooth manifold M , the vector bundle TM := T M ⊕ T * M comes equipped with a nondegenerate fibrewise bilinear form given at each x ∈ M by
where L X stands for Lie derivative by X. Denote by pr T : TM → T M and pr T * : TM → T * M the canonical projections. The data (TM, ·, · , [[·, ·]], pr T ) is the motivating example for the general notion of Courant algebroid, introduced in [41] (see also [39] ).
A Dirac structure on M is a vector subbundle E ⊂ TM which is lagrangian with respect to ·, · and which is involutive with respect to [[·, ·] ]. This last condition can be conveniently written as
A key fact is that, for any Dirac structure E on M , the vector bundle E → M acquires the structure of a Lie algebroid, with anchor ρ E : E → T M given by the restriction of pr T to E and Lie bracket on Γ(E) given by the restriction of [[·, ·]]. Dirac structures in the context of general Courant algebroids are defined analogously, see [41] .
The kernel of a Dirac structure E on M is the (generalized) distribution defined by
A Dirac structure is the graph of a Poisson structure if and only if its kernel vanishes at all points. For E defined by a closed 2-form ω, Ker(E) = Ker(ω). Given Dirac manifolds (M 1 , E 1 ) and (M 2 , E 2 ), a map ϕ : M 1 → M 2 is a (forward) Dirac map if the following relation holds for all x ∈ M 1 :
We call ϕ a strong Dirac map (see e.g. [2, 12] ) if, in addition,
Note that if ϕ is a Dirac map, then Ker(E 2 )| ϕ(x) = dϕ(Ker(E 1 )| x ). The condition that ϕ be a strong Dirac map is equivalent to the restriction of dϕ to Ker(E 1 ) be a pointwise isomorphism between the kernels:
gives rise to a Lie-algebroid action of E 2 on M 1 , defined by the map
where X is unique such that Y = dϕ(X) and (X, ϕ * β) ∈ E 1 | x . This map restricts to a vector-bundle map ϕ * Ker(E 2 ) → Ker(E 1 ), which is the pointwise inverse to (2.2) . ⋄
The fact that Poisson manifolds are infinitesimal counterparts of symplectic groupoids [57] extends to Dirac geometry as follows. Recall that a 2-form ω on a Lie groupoid G is called multiplicative if
as 2-forms on G (2) , where pr i : G (2) → G, i = 1, 2, are the natural projections. A presymplectic groupoid [12] is a Lie groupoid G ⇒ M equipped with a closed, multiplicative 2-form ω ∈ Ω 2 (G) satisfying the following two conditions: dim(G) = 2dim(M ) and
for all g ∈ G (in fact, it suffices to verify this last condition on points in M , see [12, Cor. 4.8] ). When ω is nondegenerate, both conditions automatically hold, showing that symplectic groupoids are particular cases of pre-symplectic groupoids. Any pre-symplectic groupoid (G, ω) defines a Dirac structure E on M , uniquely determined by the fact that the target map t is a Dirac map [12, Theorem 2.2] (while s is anti-Dirac 1 ). In this situation, we say that (G, ω) is an integration of E. If A = Ker(ds)| M denotes the Lie algebroid of G, there is also a Lie-algebroid isomorphism
where
Conversely, if a Dirac structure E is integrable as a Lie algebroid, its source-simplyconnected integration G(E) carries a unique multiplicative 2-form ω so that (G(E), ω) is an integration of the Dirac structure E. Moreover, if a pre-symplectic groupoid (G, ω) integrates a Dirac structure E, then E corresponds to a Poisson structure if and only if ω is symplectic, in which case t is a Poisson map. For details on the relation between pre-symplectic groupoids and Dirac structures, see [12, §2.4] .
Analogous to the identification (2.5), there is an isomorphism of Lie algebroids
We will henceforth assume these identifications. Our main result in this section is the following explicit relation between the kernel of a Dirac structure and the kernel of an integrating pre-symplectic form:
is a pre-symplectic groupoid integrating a Dirac structure E on M , then, under the identification (2.5), the kernels of ω and E are related as follows:
Proof. We recall (see e.g. [12, §3] ) that (2.3) implies that for a ∈ Γ(A),
By (2.4), (t, s) : G → M × M is a strong Dirac map, where M denotes M equipped with the opposite Dirac structure. Thus (dt, ds) :
is an isomorphism, with inverse map given by (a, b) → a r + inv(b) l . By Proposition 2.2, the natural Lie-algebroid action of E × E on G (along (t, s), see Remark 2.1), given by
2.2. Invariant Dirac structures and Poisson quotients. Let M be smooth manifold, and suppose that a Lie group H acts on M freely and properly from the left,
H is a smooth manifold and that the projec-
For u ∈ h, let u M ∈ X(M ) be the infinitesimal generator of the H-action in the direction of u, i.e.,
Set h M = h × M and define
Any Poisson structure π on M/H can be pulled-back to M to give the Dirac structure
on M (see [10] ). The Dirac structure E has the properties that (1) it is H-invariant (i.e., H acts by diffeomorphisms which are Dirac maps) and (2) ρ M (h M ) = Ker(E). On the other hand, any Dirac structure E on M having properties (1) and (2) gives rise to a Poisson structure π on M/H as the pushforward of E by q : M → M/H, i.e.,
where X ∈ T x M is any vector such that (X, q * β) ∈ E| x . In other words, π is the unique In view of part (a) of Proposition 2.3, it is natural to relate the integrability of the Poisson structure π on M/H with that of the pullback Dirac structure E on M . As we will now see in Remark 2.4 and Example 2.5, if the Poisson structure π on M/H is integrable, so is the Dirac structure E on M , while the converse is not true. 
is the pullback groupoid over M , and p :
Example 2.5. Let M be the product S 3 × R. Consider the S 1 -action on S 3 defining the Hopf fibration S 3 → S 2 . Extend this action to M by the trivial action on R, so that
is the Hopf map times the identity map of R. Let π be the Poisson structure on S 2 × R with symplectic leaves (S 2 × {t}, (1 + t 2 )ω S 2 ), with ω S 2 the area form on S 2 ; it is wellknown that π is not integrable [57] (see also [15, 20] ). But the pull-back Dirac structure E on M is integrable: E is a regular Dirac structure on S 3 × R with leaves S 3 × {t}, and its integrability follows from the fact that π 2 (S 3 ) vanishes [19] (see also [12, §8] ). ⋄ 2.3. Integrability of Poisson structures on quotients. Let the set-up be as in §2.1, with π a Poisson structure on M/H and E the pullback Dirac structure on M . We now relate integrability of the Dirac structure E to that of the Poisson structure π. (A closely related discussion for hamiltonian actions on Dirac manifolds can be found in [9, §4] .) Let h M = h⋉ M be the action Lie algebroid, having ρ M as anchor map and Lie bracket on Γ(h M ) uniquely determined by the Lie bracket on h (viewed as the space of constant sections). Since ρ M (h M ) = Ker(E), we have a Lie-algebroid morphism
is any pre-symplectic groupoid integrating E, by (2.8) we see that the map
defines an infinitesimal action of h × h on G satisfying (by (2.6))
It is then natural to try to use this action to mod out the kernel of ω to obtain a symplectic groupoid integrating the Poisson structure π. As shown in Example 2.5, this is not possible in general, and we will need a further condition. 
where H ⋉ M is the action groupoid corresponding to the H-action on M . ⋄ Note that, in case G is H-admissible, the (H × H)-action on G by
where Bi(G) is the group of bisections of G, i.e., for 
(2.14)
It follows that the map (t, s) : Proposition 2.8. Let π be a Poisson structure on M/H, and let E be the pullback Dirac structure on M . Suppose that G is an H-admissible Lie groupoid integrating E as a Lie algebroid. Then the quotient space G/(H × H) is a Lie groupoid, with s and t as respective source and target maps, that integrates the Lie algebroid T * (M/H) defined by π and such that the projection p is a groupoid morphism.
Proof. We first show that G := G/(H × H) is a Lie groupoid over M/H. Consider the commutative diagram
and the similar one for s. Write p(g) = g for g ∈ G. For the multiplication on G, first notice that if g 1 , g 2 ∈ G are composable, then we can find
and thus h 2 = l 1 by the freeness of the H-action on M . By Remark 2.7, one then has
This shows that G is a well-defined Lie groupoid over M/H with respective source and target maps s and t.
At the level of Lie algebroids, the projection p leads to a morphism from E (as in (2.9)) to the Lie algebroid E of G. One can check that this morphism is identified with
Turning to integrations of E as a Dirac structure, we make the following definition.
Definition 2.9. Let π be a Poisson structure on M/H and E the pullback Dirac structure on M . A pre-symplectic groupoid (G, ω) integrating E is said to be H-admissible if G is an H-admissible integration of E as a Lie algebroid and if ω is (H × H)-invariant.
The following theorem is the basis for the main results of the paper.
Theorem 2.10. Let π be a Poisson structure on M/H and E the pullback Dirac structure on M . If (G, ω) is an H-admissible pre-symplectic groupoid integrating E, then there is a unique symplectic structureω on the quotient Lie groupoid G = G/(H × H) such that p * ω = ω and (G,ω) is a symplectic groupoid integrating (M/H, π).
Proof. Consider the (H × H)-action on G given in (2.13). By (2.12), the tangent distribution of the (H ×H)-action coincides with the kernel of ω. The (H ×H)-invariance of ω then implies that ω is (H × H)-basic, i.e., ω = p * ω for a unique 2-form ω on G, which is necessarily symplectic. Since p : G → G is a groupoid morphism, it is clear that ω is multiplicative. Finally, it results from t being a Dirac map and the commutativity of the diagram in (2.15) that t : (G, ω) → (M/H, π) is a Poisson map. Hence (G,ω) is a symplectic groupoid integrating (M/H, π).
Example 2.11. In the context of Remark 2.4, note that the integration (q ! G, p * ω ) of E is H-admissible: the morphism ψ in (2.10) integrates to the Lie groupoid morphism
whereῑ : M/H → G is the identity section of G, and the induced (
By Theorem 2.10 and Example 2.11, we immediately have the following conclusion.
Corollary 2.12. Let π be a Poisson structure on M/H and E the pullback Dirac structure on M . Then π is integrable if and only if E admits an H-admissible integration as a Dirac structure.
Remark 2.13. Let (G, ω) be a pre-symplectic groupoid integrating E. As dω = 0, by
Thus if H is connected and G is an H-admissible integration of E as a Lie algebroid, then (G, ω) is automatically an H-admissible integration of E as a Dirac structure. ⋄ Remark 2.14. Let H 0 be the connected component of H containing the identity, and let j : M/H 0 → M/H be the natural projection. Then there is a unique Poisson structure
is the quotient of (M/H 0 , π 0 ) by the action (by Poisson automorphisms) of a discrete group. This discrete action lifts to a symplectic action on the (source-simply-connected) symplectic groupoid integrating (M/H 0 , π 0 ), and its quotient is a symplectic groupoid for (M/H, π) (see [29, Proposition 3.2 
]). ⋄
The results in this section admit generalizations for arbitrary submersions q : M → B, not necessarily coming from group actions, see [3] .
Integration of homogeneous Dirac structures on Poisson Lie groups
For a Poisson Lie group (G, π G ), we review in §3.1 the notion of (G, π G )-homogeneous Dirac structures on G and show that they arise from Poisson homogeneous spaces of (G, π G ). Assuming that the Poisson Lie group (G, π G ) has a Drinfeld double, we construct in §3.2 explicit integrations of every (G, π G )-homogeneous Dirac structure on G.
Review of definitions.
The facts reviewed in this section are mostly standard. We refer to [23, 24] for Poisson Lie groups and Poisson homogeneous spaces, and to [42, 51] for homogeneous Dirac structures on Poisson Lie groups. See also [34, 50, 54] for further generalizations to Dirac Lie groups.
Recall from [24] that a Poisson Lie group is a Lie group G with a Poisson structure π G such that the group multiplication m :
Note that π G necessarily vanishes at the identity element e of G, and its linearization at e gives rise to a map
The pair (g, δ * ) becomes a Lie bialgebra [23] , i.e., the Lie brackets on g and g * are compatible in the sense that δ * is a Lie algebra cocycle with values in ∧ 2 g. We will also refer to (g, δ * ) as the Lie bialgebra of the Poisson Lie group (G, π G ). Let d = g ⊕ g * be the direct sum vector space. Then the bracket on d given by
for u, w ∈ g, ξ, η ∈ g * , is a Lie bracket, and the bilinear form ·, · on d given by
is ad-invariant with respect to [·, ·] d . Here, for u ∈ g and ξ ∈ g * , the elements ad * u ξ ∈ g * and ad * ξ u ∈ g are defined by
Recall that a quadratic Lie algebra is a Lie algebra equipped with a non-degenerate symmetric ad-invariant bilinear form. The quadratic Lie algebra (d, ·, · ) is called the Drinfeld double Lie algebra of the Lie bialgebra (g, δ * ), or of the Poisson Lie group (G, π G ). The decomposition d = g + g * is a lagrangian splitting of (d, ·, · ) in the sense that both g and g * are lagrangian subalgebras of d, i.e., Lie subalgebras of d that are also lagrangian subspaces with respect to ·, · . A Lie bialgebra (g, δ * ) is equivalent to a quadratic Lie algebra (d, ·, · ) with a lagrangian splitting of the form
Given a Lie bialgebra (g, δ * ), note that (g * , δ) is also a Lie bialgebra, where
is a Poisson Lie group with Lie bialgebra (g, δ * ), any Poisson Lie group (G * , π G * ) with Lie bialgebra (g * , δ) will be called a dual Poisson Lie group of (G, π G ). Let (G, π G ) be a Poisson Lie group with Lie bialgebra (g, δ * ). The dressing action of the Drinfeld double Lie algebra d on G is the Lie algebra action of d on G given by
Consider the action Courant algebroid d G = d×G → G with anchor given by the dressing action and the Lie bracket on
and by taking the (isotropic) splitting
. On the other hand, the adjoint action of g on d integrates to an action of
given by [24] Ad
where Ad g : g → g and Ad * g −1 : g * → g * are the adjoint and co-adjoint representations of G. A direct calculation shows that
It follows that the adjoint action of G on g extends to a G-action on the vector bundle d G → G by Courant-algebroid automorphisms, covering the action g → r g −1 on G. Proof. Part (a) is a direct calculation, while part (b) follows immediately from the defining construction of action Courant algebroids [39] .
A direct calculation shows the following characterization of Dirac structures in TG which are of the form I(l G ) for a lagrangian subalgebra l ⊂ d.
Lemma-Definition 3.2. A Dirac structure E on G is of the form I(l G ) for a lagrangian subalgebra l ⊂ d if and only if the group multiplication
is a strong Dirac map. In this case, l = E| e . Such Dirac structures on G are said to be (G, π G )-homogeneous.
We now turn to Poisson homogeneous spaces. Let (G, π G ) be a Poisson Lie group, and let H ⊆ G be a closed subgroup. Let H act on G from the left by (h, g) → r h −1 (g) = gh −1 , and note that the corresponding infinitesimal action is given by
is a Poisson map. Let q : G → G/H be the quotient projection. 
Proof. By Proposition 2.3 (a), Poisson structures on G/H are in one-to-one correspondence, via pullback and pushforward by q : G → G/H, with Dirac structures E satisfying (i) and (ii) as stated. Consider the H-action on G × G by h · (g 1 , g 2 ) = (g 1 , g 2 h −1 ). Then the multiplication map m : G × G → G is H-equivariant, and it covers the action map
Let E be any (G, π G )-homogeneous Dirac structure on G, and let l be the lagrangian subalgebra of d such that E = I(l G ). It is easy to see that Ker(E) = {u l | u ∈ l ∩ g} and that E is H-invariant if and only if l is Ad H -invariant. Thus E satisfies the two conditions (i) and (ii) in Proposition 3.3 if and only if l is Ad H -invariant and l ∩ g = h. Let Ann(h) = {ξ ∈ g * |ξ| h = 0}. When E is the pullback Dirac structure of a (G, π G )-homogeneous Poisson structure π on G/H, it is easy to see that E = I(l G ), where
Here we have used the identifications T (G/H)| q(e) = g/h and Ann(h) = T * (G/H)| q(e) . We have thus recovered the following classification of Drinfeld [24] of Poisson homogeneous spaces (see also [51, §6.2] ): the assignment π → l, where l is defined by π in (3.9), is a one-to-one correspondence between (G, π G )-homogeneous Poisson structures on G/H and lagrangian subalgebras l of d which are Ad H -invariant and satisfy l ∩ g = h.
We will refer to l in (3.9) as the Drinfeld lagrangian subalgebra associated to the Poisson homogeneous space (G/H, π).
Corollary 3.4. Let (G/H, π) be any Poisson homogeneous space of the Poisson Lie group (G, π G ), let E be the pullback Dirac structure on G of π via the projection q : G → G/H, and let l ⊂ d be the Drinfeld lagrangian subalgebra associated to (G/H, π). Then, as a Lie algebroid over G, E is identified with the action Lie algebroid l ⋉ G with respect to the dressing action in (3.5) via the map I : d G → TG.
In the remainder of §3.1, we recall a general construction of Poisson Lie groups from Lie bialgebras and the notion of Drinfeld doubles of Poisson Lie groups. ⋄ Let (g, δ * ) be a Lie bialgebra and let (d, ·, · ) be its Drinfeld double Lie algebra. Choosing any basis {u i } n i=1 of g and dual basis {ξ i } n i=1 of g * , one has the element 10) which is independent of the choices of the basis. Let D be any Lie group integrating (d, ·, · ). Let R l and R r be respectively the left and right invariant bivector fields on D with value R at the identity element e ∈ D, and define 
Definition 3.6. For the rest of the paper, if b is a Lie algebra and a ⊂ b a Lie subalgebra, by an integration of the Lie algebra inclusion a → b we mean a map φ : A → B, where A and B are two (not necessarily connected) Lie groups with respective Lie algebras a and b, and φ is a (not necessarily injective) Lie group homomorphism whose differential at the identity element of A is the inclusion map a → b. ⋄ Returning now to the Drinfeld double Lie algebra (d = g ⊕ g * , ·, · ) of a Lie bialgebra (g, δ * ), let D be any integration of (d, ·, · ). Suppose that
are any integrations of the respective Lie algebra inclusions g → d and g * → d. Define bivector fields π G on G and π G * on G * by
14)
where pr g : d → g and pr g * : d → g * are the projections with respect to the decomposition d = g⊕g * . Note that the Ad D -invariance of ·, · ensures that both π G and π G * are indeed bivector fields. The following fact is proved in [43, Theorem 2.31] when G and G * are connected and simply-connected. We give a proof for the general case.
Lemma 3.7. Both (G, π G ) and (G * , π G * ) are Poisson Lie groups and
are Poisson Lie group homomorphisms. Moreover, the Lie bialgebra of
Proof. It is straightforward to verify that both π G and π G * as defined are multiplicative and that their linearizations at the identity elements are respectively δ * and δ (see (3.4) ). It remains to show that they are Poisson and that the maps in (3.15) are Poisson. We will do this for π G , the case for π G * being similar.
Consequently, φ G (G) is a Poisson Lie subgroup of (D, π D ). The last identity also gives
Comparing with (3.13) and since φ G : G → φ G (G) is a local diffeomorphism, one sees that π G given in (3.13) is Poisson, and that
For later use, we note that it follows directly from (3.14) that
We now recall the notion of Drinfeld double Lie groups of a Poisson Lie group (G, π G ).
where D is a Lie group integrating the Drinfeld double Lie algebra (d, ·, · ) of (G, π G ), and
Remark 3.9. 1) In Definition 3.8 we do not require G to be connected. If G is connected and φ G : G → D, g →ḡ integrates the Lie algebra inclusion g → d, the action of G on d given by G ∋ g → Adḡ coincides with the one given in (3.7), and it follows from (3.7) and Lemma 3.7 that
2) It is clear that every Poisson Lie group (G, π G ), where G is connected and simply connected, admits a Drinfeld double in the sense of Definition 3.8, but we do not know whether or not this is true for an arbitrary Poisson Lie group (G, π G ). On the other hand, Lemma 3.7 gives a general construction of (dual pairs of) Poisson Lie groups, which admit Drinfeld doubles by construction. All the examples related to semi-simple Lie groups we will discuss in §6.2 arise in this way. ⋄ 3.2. Explicit integrations. Let (G, π G ) be a Poisson Lie group. In this section, under the assumption that (G, π G ) admits a Drinfeld double, we construct explicit integrations of every (G, π G )-homogeneous Dirac structure on G. Let again (d = g ⊕ g * , ·, · ) be the Drinfeld double Lie algebra of (G, π G ).
Definition 3.10. Let (D, φ G ) be a Drinfeld double of (G, π G ), and write
Let l be any lagrangian subalgebra of (d, ·, · ), and let (recall Definition 3.6)
be any integrations of the respective Lie algebra inclusions g * → d and l → d. We define
for simplicity, we only indicate its dependence on L in the notation.
One checks directly that G(L) is a groupoid over G with structure maps
Note that G(L) is in fact a Lie groupoid. Indeed, consider the maps
and note that
. Clearly s and t are surjective submersions.
Proposition 3.11. The Lie groupoid G(L) integrates the action Lie algebroid l ⋉ G. 
so tangent vectors to the s-fiber at a unit (e, g, g, e) are of the form (X e , Y g , 0 g , Z e ) with
As a vector bundle, we can then identify the Lie algebroid of G(L) with the trivial bundle G × l via (X e , Y g , 0 g , Z e ) → Z e . We calculate the anchor map ρ : G × l → T G as follows: For u + ξ ∈ l, using (3.7) and (3.5) we have
so ρ agrees with the infinitesimal dressing action (3.5) restricted to l ⊂ d.
To calculate the Lie bracket on Γ(G × l), note that for a constant section u + ξ ∈ l, the value of the corresponding right-invariant vector field on G (L) at (v, g 1 , g 2 , l) is given by 19) where the last component is the right-invariant vector field defined by u + ξ on L. It is then clear that the Lie bracket of two constant sections of G × l → G is the Lie bracket on l. Hence the Lie algebroid of G(L) agrees with the action Lie algebroid l ⋉ G.
Keeping the set-up as in Definition 3.10, we now show that the Lie groupoid G(L) defined in (3.17) carries a multiplicative closed 2-form making it a pre-symplectic groupoid integrating the Dirac structure E = I(l G ) on G.
As a first step, we consider the tangent spaces to G(L).
, we consider two types of tangent vectors: horizontal (coming from the base G) and vertical (tangent to source fibers).
Horizontal vectors: At a point (v, g 1 , g 2 , l) ∈ G(L), these vectors are of the form
with the compatibility condition
A direct computation using the identityvḡ 1 =ḡ 2l −1 shows that
(W g 2 )))).
In particular, for a vector (X e , Y g , W g , 0 e ), we have that X e = 0 and Y g = W g . For w ∈ g and W = dr g 2 (w) ∈ T g 2 G, we denote the corresponding horizontal vector at σ = (v, g 1 , g 2 , l) ∈ G(L) by w σ , noticing (see (3.16) ) that
Note that lifting tangent vectors to G to horizontal vectors in G(L) allows us to lift vector fields:
As we see now, this generates a subbundle complementary to the s-fibres.
Vertical vectors: As discussed in the proof of Proposition 3.11, a tangent vector to the
, where
3 Here, by the notation set up at the end of §1, w r for w ∈ g denotes both the right invariant vector field on G with value w at e ∈ G and the right invariant 1-form on G * with value w at e ∈ G * . The meaning of the notation should be clear from the context. Similarly, for ξ ∈ g * , ξ l denotes both the left invariant vector field on G * and the left invariant 1-form on G defined by ξ.
For z = u + ξ ∈ l, where u ∈ g and ξ ∈ g * , setting Z l = dr l (z), we denote the corresponding vertical vector at σ = (v, g 1 , g 2 , l) by z σ , noticing that it coincides with the right-invariant vector field on G(L) determined by z at σ (see (3.18) and (3.19)):
Any tangent vector to G(L) can be written as a sum of a horizontal and a vertical vector in a unique way. We use this fact to define a pre-symplectic form on G(L). Equip G * with the Poisson structure π G * given in (3.14).
Theorem 3.12. For any lagrangian subalgebra l of (d, ·, · ) and any Lie groupoid G(L) defined in (3.17), the 2-form ω ∈ Ω 2 (G(L)) given by
∈ g * , and w i ∈ g, i = 1, 2, is multiplicative and closed, and (G(L), ω) is a pre-symplectic groupoid integrating the Dirac structure
The proof of this theorem will be presented in the Appendix. 
The construction becomes canonical if we take L 1 , L 2 and L to be the (unique) connected Lie subgroups of D with respective Lie algebras l 1 , l 2 and l. ⋄ Example 3.14. (Affine Poisson structures on G). Assume, in the context of Theorem 3.12, that g ∩ l = 0. Then Ker(E(l G )) = 0, so E is the graph of a Poisson structure π on G, which is (G, π G )-affine [43] in the sense that the group multiplication map
Note that in this case the 2-form ω in Theorem 3.12 is symplectic, so (G(L), ω) is a symplectic groupoid of (G, π). We now give an alternative description of the symplectic form ω in this case and show that the symplectic groupoid (G(L), ω) of (G, π) is isomorphic to the one constructed in [43] . Note in particular that in the special case of l = g * , π = π G and (G(L), ω) is a symplectic groupoid of the Poisson Lie group (G, π G ) itself. Let τ = π| e ∈ ∧ 2 g. Then π = π G + τ l and l = {τ # (ξ) + ξ| ξ ∈ g * }, where τ # (ξ) = i ξ (τ ) for ξ ∈ g * . Recall the element R ∈ ∧ 2 d in (3.10) defined by the lagrangian splitting d = g + g * . Similarly, the lagrangian splitting d = g + l gives rise to
where, again, {u i } n i=1 is any basis of g and {ξ i } n i=1 is the dual basis of g * . Define the bivector field Π τ on D by
2 , and let Π be the Poisson structure on G(L) that is the pullback of Π τ to G(L) by K.
Claim. The Poisson structure Π τ on G(L) is non-degenerate and the symplectic form it defines on G(L) is precisely the 2-form ω from Theorem 3.12. 
Proof of Claim
It follows that for any x ∈ g and η ∈ g * , (AdvR)
recalling that pr g (Adv−1(x)) = Ad * v x and pr g * (Adḡ−1
As a consequence,
If x ∈ g and η ∈ g * are such that Π
, and thus x = 0 and η = 0. This shows that Π τ is non-degenerate at every point in the image of the map K : G(L) → D. Thus the Poisson structure Π on G(L) is nondegenerate. Let ω ′ be the symplectic form on G(L) defined by Π. By definition, for i = 1, 2 and w i ∈ g and z i = τ # (ξ i ) + ξ i ∈ l, one has
One checks directly that for w ∈ g and z = τ # (ξ) + ξ ∈ l,
Let x 1 ∈ g and η 1 ∈ g * be the unique elements such that
Using (3.25) and Ad * v w 2 = Adv−1 w 2 − pr g * (Adv−1w 2 ), one has
To see x 1 and η 1 more explicitly in terms of w 1 and z 1 , note that (3.24) and (3.25) give
∈ g * and applying pr g * to both sides of (3.27), one sees that η ′ 1 = −ξ 1 and thus the elements η 1 ∈ g * and x 1 ∈ g are uniquely determined by
Using againvḡ 1 =ḡ 2l −1 and (3.28), one has
which, together with (3.29), give
Combining (3.26), (3.29) , and (3.30), one has
Using (3.13) and (3.14), it is now straightforward to check that the right hand side of (3.31) give five terms that match exactly with the five terms on the right hand side of (3.22) for ω( w 1 + z 1 , w 2 + z 2 )| σ . This finishes the proof of the claim.
and equip Γ with the following groupoid structure:
. It is easy to see that
is a Lie groupoid isomorphism. In [43, §5.5], a non-degenerate Poisson structure Π ′ on Γ was defined as the pullback to Γ of a certain Poisson structure π σ on G × L by the local diffeomorphism
and (Γ, ω Γ ) was shown (see [43, Remark 5.29] ) to be a symplectic groupoid of (G, π), where ω Γ denotes the symplectic form on Γ defined by Π ′ . One can check from the definition of π σ given in [43, §5.5] that π σ coincides with the pullback to G × L of the Poisson structure Π τ on D by the local diffeomorphism
is an isomorphism of symplectic groupoids. Finally we remark that in concrete examples, for a given quadratic Lie algebra (d, ·, · ) and a lagrangian subalgebra g ⊂ d, there are typically more than one lagrangian subalgebra l ⊂ d complementary to g, each giving rise to an affine Poisson structure on a Lie group integrating g. This is particularly the case when g is a semi-simple Lie algebra. See §6.2 for more details. ⋄
Integration of Poisson homogeneous spaces
In this section, under some mild assumptions (see Theorem 4.1), we apply the quotient construction in Theorem 2.10 to the pre-symplectic groupoids in Theorem 3.12 to obtain explicit symplectic groupoids integrating a Poisson homogeneous space (G/H, π). These assumptions are then circumvented to prove integrability for arbitrary (G/H, π).
Explicit integrations. Let (G, π G ) be any Poisson Lie group, and let (G/H, π)
be a Poisson homogeneous space of (G, π G ) with Drinfeld lagrangian subalgebra l given in (3.9), and let E = I(l G ) be the pullback Dirac structure of π.
Assume again that (G, π G ) admits a Drinfeld double (D, π G ). With the setting as in Definition 3.10, consider the Lie groupoid G(L) over G integrating the Lie algebroid E defined in (3.17), and let (G(L), ω) be the pre-symplectic groupoid over G integrating the Dirac structure E as described in Theorem 3.12.
Theorem 4.1. Assuming that there exists an integration φ H,L : H → L of the Lie algebra inclusion h ֒→ l such that
the pre-symplectic groupoid (G(L), ω) is an H-admissible integration of E (see Definition 2.9). Consequently, the quotient symplectic groupoid (G(L)/(H × H),ω) described in Theorem 2.10 is an integration of the Poisson homogeneous space (G/H, π).
Proof. The groupoid morphism
integrates the Lie algebroid morphism ψ : h ⋉ G → l ⋉ G from (2.10), which is simply defined by the inclusion h ֒→ l. Thus G(L) is H-admissible as an integration of the Lie algebroid E. It remains to check the (H × H)-invariance of ω. The (H × H)-action (2.13) now takes the form
For notational simplicity, we will write h for φ H,L (h). To show that ω is (
Considering the tangent vectors w σ and z σ in (3.20) and (3.21), for w ∈ g and z = u + ξ ∈ l, one can directly check that
Recall from (3.7) that Ad
has the following expression:
Now note that
as a result of condition (2.3) and the fact that the inversion on G is an anti-Poisson morphism. It follows that Φ * h ω = ω. 
Notice that J is an anti-Dirac map:
From this property, one can directly deduce that the groupoid morphism J is an antiPoisson map. Following [28] , J is the moment map for a local (twisted multiplicative) Hamiltonian action of G on G(L)/(H × H), which lifts the natural Poisson action of (G, π G ) on (G/H, π). (The fact that our moment map is anti-Poisson results from a difference in sign conventions compared with [28] .) ⋄
4.2.
Proof of the main theorem. We recall the main theorem from the Introduction. . If each G 0 -orbit has an integration, then their union is an integration of (G/H, π). We may thus assume that G is connected. Let G be the connected and simply-connected cover of G. Then there is a unique multiplicative Poisson structure π G on G such that the projectionp :
is Poisson. Regarding now (G/H, π) as a Poisson homogeneous space of ( G, π G ) through p, we may assume now that G is connected and simply connected.
Let D be any connected Lie group integrating the Drinfeld double Lie algebra d of (G, π G ). Then D is also an integration of the quadratic Lie algebra (d, ·, · ). Let φ G : G → D be the unique Lie group homomorphism integrating the Lie algebra inclusion g → d. By Remark 3.9, (D, φ G ) is a Drinfeld double of (G, π G ). Let H 0 be the connected component of H through the identity element, and let π 0 be the unique Poisson structure on G/H 0 such that the projection j : (G/H 0 , π 0 ) → (G/H, π) is Poisson. It is clear that the pullback Dirac structures of π 0 and π to G are the same, which we denote as E, and denote by l the Drinfeld lagrangian subalgebra of d associated to (G/H 0 , π 0 ). Let G * and L be the connected Lie subgroups of D with Lie algebras g * and l, respectively, and let
, so all the assumptions in Theorem 4.1 are satisfied when H is replaced by H 0 , and by Theorem 4.1, one has the symplectic groupoid (G(L)/(H 0 × H 0 ),ω) which integrates the Poisson space (G/H 0 , π 0 ). By Remark 2.14, (G/H, π) is integrable.
We remark that Theorem 4.4 can be extended to Dirac homogeneous spaces, see [3] . 
holds for any open subset U of M , where a, b ∈ A(U ) and f is a holomorphic function on U ; see [37, 38] for more on holomorphic Lie algebroids and groupoids. Analogously to the real case, a holomorphic groupoid G over M gives rise to a holomorphic Lie algebroid A over M , where A = ker(ds)| M ⊆ T 1,0 G (here ds : T 1,0 G → T 1,0 M ), ρ = dt| A , and the bracket on A comes from identifying local holomorphic sections of A with local holomorphic invariant vector fields on G. A holomorphic Lie algebroid is said to be integrable if it is the holomorphic Lie algebroid of some holomorphic groupoid.
As in the real smooth case recalled in §1, a holomorphic Poisson bivector field π on a complex manifold M is said to be integrable if there is a holomorphic groupoid G over M equipped with a multiplicative holomorphic symplectic form ω such that the target map t : G → M is a Poisson map [38] . In this case the holomorphic symplectic groupoid (G, ω) is called an integration of the holomorphic Poisson structure π, or of the complex Poisson manifold (M, π).
Any holomorphic Poisson structure π ∈ Γ(∧ 2 T 1,0 M ) can be written in terms of its real and imaginary parts as π R + iπ I , where π R , π I ∈ Γ(∧ 2 T M ). By [37, Lemma 2.3] , both π R and π I are real Poisson structures on M regarded as a real manifold. By [38, Theorem 3.22] , π is integrable as a holomorphic Poisson structure if and only if π R (or equivalently π I ) is integrable as a real Poisson structure.
We also note that if φ : group is a pair (G, π G ) , where G is a complex Lie group and π a holomorphic multiplicative Poisson structure on G. A complex Poisson homogeneous space of (G, π G ) is a complex homogeneous G-space G/H with a holomorphic Poisson structure π such that the action map (G, π G ) × (G/H, π) → (G/H, π) is Poisson. It is now simple to verify our main theorem in the holomorphic setting. Proof. Let π G,R and π R be respectively the real parts of π G and π. Then (G, π G,R ) is a real Poisson Lie group, and (G/H, π R ) is a (real) Poisson homogeneous space of (G, π G,R ). By Theorem 4.4, π R is integrable as a real Poisson structure on G/H. By [38, Theorem 3.22] , π is integrable as a holomorphic Poisson structure on G/H.
is a Poisson map of real Poisson manifolds. Recall that a complex Poisson Lie
To obtain explicit integrations in the holomorphic setting, one should also consider Dirac structures. Given a complex manifold M , one defines a holomorphic Dirac structure on M to be a holomorphic involutive lagrangian subbundle E of the holomorphic Courant algebroid
An integration of E (as a Dirac structure) is a holomorphic pre-symplectic groupoid (G, ω) over M (as in §2) such that the target map is a Dirac map. Equivalently (see Proposition A.1), an integration of E is a holomorphic groupoid G over M together with a holomorphic multiplicative closed 2-form ω such that the map (ρ, µ) : A → T 1,0 M (see (2.5) ) is an isomorphism onto E; here A is the Lie algebroid of G, and µ : A → (T 1,0 M ) * is defined as in (A.1). When a holomorphic Dirac structure E has an integration, we say that it is integrable. A holomorphic Poisson bivector field π defines a holomorphic Dirac structure E = graph(π # ), the graph of π # : (T 1,0 M ) * → T 1,0 M ; any integration of E is automatically an integration of π, and vice versa.
Remark 5.2. Let M be a complex manifold viewed as a real smooth manifold with (integrable) almost complex structure J. Using the identifications
one can check that a holomorphic Dirac structure E ⊆ T 1,0 M gives rise to a real Dirac structure E R ⊆ TM , called its real part. For example, when E is the graph of a holomorphic 2-form ω = ω R + iω I , E R is the graph of ω R ; if E is the graph of a holomorphic Poisson bivector field π R + iπ I , then E R is the graph of 4π R . Extending [38, Theorem 3.22] , one can prove that E is integrable if and only if E R is integrable as a real Dirac structure. More precisely, (G, ω) is an integration of E if and only if, viewing G as a real Lie groupoid, (G, ω R ) is an integration of E R [14].
Explicit integrations.
In this subsection, we show that the explicit constructions in §3.2 and §4.1 also work for a complex Poisson Lie group (G, π G ). Let g be the (complex) Lie algebra of G. For u ∈ g, denote by u (r) the right invariant holomorphic vector field on G with value u at e. In other words, if we regard G as a real Lie group and denote by J G the bi-invariant (integrable) almost complex structure on G, and keeping the notation u r for the right invariant real vector field on G with value u at e, then
where J g = J G | e is the complex structure on g. Define the left invariant holomorphic vector field u (l) on G similarly. For ξ ∈ g * , let ξ r be the right invariant real 1-form on G with value ξ at e, and define the right invariant holomorphic 1-form on G by
Similarly define the left invariant holomorphic 1-form ξ (l) on G. Using (5.2) and (5.3), all the discussions in §3.1 carry through in the holomorphic category. In particular, the linearization of π G at e ∈ G gives rise to the complex Lie bialgebra (g, δ * ), whose Drinfeld double Lie algebra (d, ·, · C ) is now a complex quadratic Lie algebra, with C-valued pairing between g and g * given by u, ξ C = u, ξ −i J g (u), ξ . Define a Drinfeld double of (G, π G ) in the same way as in Definition 3.8 but now requiring all the Lie group homomorphisms to be holomorphic.
Define a holomorphic (G, π G )-homogeneous Dirac structure on G to be a holomorphic Dirac structure E on G such that (G, π G ) × (G, E) → (G, E), the group multiplication of G, is a strong holomorphic Dirac map. Then the arguments for Lemma 3.1 and LemmaDefinition 3.2 again establish a bijection, l → E = I(l G ), from the set of all complex lagrangian subalgebras of (d, ·, · C ) to that of holomorphic (G, π G )-homogeneous Dirac structures on G, where I, given as in (3.6), is again an isomorphism from the holomorphic action Courant Lie algebroid d G , defined by the action of d on G by holomorphic dressing vector fields (see (3.5 
is a complex Poisson homogeneous space of (G, π G ), the pullback Dirac structure of π is given by E = I(l G ), where l, the Drinfeld lagrangian subalgebra given in (3.9), is Ad H -invariant and satisfies g ∩ l = h.
Let l be any complex lagrangian subalgebra of (d, ·, · C ), and let E = I(l G ) be the corresponding holomorphic (G, π G )-homogeneous Dirac structure on G. Assume that (G, π G ) admits a Drinfeld double (D, φ G ) , and let φ G * : G * → D and φ L : L → D be as in Definition 3.10 but now holomorphic. The groupoid G(L) over G given in (3.17) is then holomorphic. For w ∈ g and z ∈ l, the analogs of (3.20) and (3.21) (now using (5.2) and (5.3)) define holomorphic vector fields w and z that span
Then the same formula (3.22) in Theorem 3.12 defines a holomorphic 2-form ω on G(L):
With the obvious holomorphic analog of Definition 2.9 for H-admissibility of groupoids and pre-symplectic groupoids, Proposition 2.8 and Theorem 2.10 also hold in the holomorphic setting. Verbatim arguments used in the proofs of Proposition 3.11, of Theorem 3.12 in Appendix A, and of Theorem 4.1 show that the explicit constructions in §3.2 and §4.1 also work in the holomorphic category. We summarize the results as follows:
(2) Let (G/H, π) be a complex Poisson homogeneous space of (G, π G ), and let l be the associated Drinfeld lagrangian subalgebra. If there exists a holomorphic integration φ H,L : H → L of the Lie algebra inclusion h → l such that (4.1) holds, then one has the quotient holomorphic symplectic groupoid (G(L)/(H × H), ω), defined the same way as in Theorem 2.10, which integrates the complex Poisson manifold (G/H, π). 
On the other hand, the real part of the holomorphic Dirac structure E = I(l G ) is the real Dirac structure E R = {(u l + 4π
}, and it follows from Theorem 3.12 that (G(L), ω R ) is an integration of E R ; by Remark 5.2, this fact is equivalent to part (1) of Theorem 5.3. Similarly, writing the homogeneous complex Poisson structure on G/H as π = π R + iπ I , we see that (G(L)/(H × H), ω R ) is an integration of 4π R , which is equivalent to part (2) of Theorem 5.3 by [38, Theorem 3.22].
Examples: old and new
In this section, we consider various particular cases of Poisson homogeneous spaces, comparing our general construction of their integrations with results in the literature. We also discuss (mostly new) examples related to semi-simple Poisson Lie groups.
6.1. Special cases and previous examples.
6.1.1. Relatively complete Poisson homogeneous spaces. Let (G/H, π) be a Poisson homogeneous space of a Poisson Lie group (G, π G ) such that π| eH = 0. Its Drinfeld lagrangian subalgebra is then l = h ⊕ Ann(h), where Ann(h) = {ξ ∈ g * |ξ| h = 0}. Following [6] , (G/H, π) is said to be relatively complete if (1) (G, π G ) admits a Drinfeld double (D, φ G ); (2) there is an integration φ G * : G * → D of g * → d and a closed Lie subgroup H ⊥ of G * with Lie algebra Ann(h) ⊂ g * , such (a) (H, H ⊥ ) is a matched pair of Lie groups (i.e., there is a Lie group H ⊲⊳ H ⊥ with both H and H ⊥ as Lie subgroups such that its group multiplication gives a diffeomorphism H × H ⊥ → H ⊲⊳ H ⊥ ), and (b)
is a Lie group homomorphism. When (G/H, π) is relatively complete, the assumptions for Theorem 4.1 are all clearly satisfied, and we have a symplectic groupoid (G(L)/(H × H), ω) integrating (G/H, π). On the other hand, a symplectic groupoid for (G/H, π) is described in [6] (using slightly different conventions) as follows. Consider the symplectic groupoid integrating (G, π G ) given by (see Example 3.14)
is shown in [6] to be a symplectic groupoid integrating (G/H, π). Here for h ∈ H and v ∈ H ⊥ , h v ∈ H ⊥ and h v ∈ H are given by hv = ( h v)(h v ) ∈ L. A direct calculation shows that we have the groupoid isomorphism J −1
6.1.2. Complete l-actions. Let again (G, π G ) be a Poisson Lie group, (G/H, π) a Poisson homogeneous space of (G, π G ), and l the associated Drinfeld lagrangian subalgebra of (d, ·, · ). Consider the set-up in [44] , where G is a closed subgroup of a connected Lie group D integrating d, L is the connected Lie subgroup of D with Lie algebra l, H is also a closed subgroup of L, and the restriction to l of the infinitesimal dressing action (3.5) integrates to a left action (l, g) → l g of L on G, such that h g = gh −1 for h ∈ H. Let L/H be the quotient of L by the action of H by left translations, and let G × H (L/H) be the quotient of G × (L/H) by the H-action h · (g, Hl) = (gh −1 , Hlh −1 ). Under these conditions, it is shown in [44] that the associated bundle G × H (L/H) is a symplectic groupoid 4 integrating (G/H, π). To compare the above result of [44] with the construction in this paper, recall from [44, Lemma 5.15 ] that ( l g)lg −1 ∈ G * for any g ∈ G and l ∈ L, where G * is the connected Lie subgroup of D with Lie algebra g * . It follows that
is an injective local diffeomorphism which is also a groupoid morphism from the action groupoid L ⋉ G to G(L). Furthermore, F is equivariant with respect to the action of On the other hand, recall from Lemma 3.7 that any integrations φ G : G → D and φ G * : G * → D of the respective Lie algebra inclusions g → d and g * → d give rise to the pair (G, π G ) and (G * , π G * ) of dual Poisson Lie groups, where π G and π G * are respectively given in (3.13) and (3.14) , and that
are Poisson Lie group homomorphisms. Let G and G * act on D/Q through φ G and φ G * . The following fact from [47] will be the basis for most of the examples of Poisson homogeneous spaces related to semi-simple Lie groups we will look at in §6.2. . In [40] , D. Li-Bland and P.Ševera constructed a symplectic groupoid of (D/Q, π) as the moduli spaces of flat connections over certain quilted surface. We now compare our construction using Theorem 4.1 or Theorem 5.3 with the one in [40] .
Consider the quadratic Lie algebra (d (2) , ·, · (2) ), where d (2) = d ⊕ d, and 
The invariance of ·, · implies that q ⊥ is an ideal of q. Let Q ⊥ be the connected Lie subgroup of Q with Lie algebra q ⊥ . Then Q ⊥ is also a normal subgroup of Q. Let
Then L is a Lie subgroup of D×D with Lie algebra l and Q ∼ = Q diag = {(q, q)|q ∈ Q} ⊂ L. Applying Theorem 4.1 (or Theorem 5.3 if we are in the holomorphic category), we arrive at a symplectic groupoid (G,ω) integrating the Poisson manifold (D/Q, π). More precisely, the groupoid G has the total space
with the (Q × Q)-action given by
2 )).
On the other hand, the symplectic groupoid from [40, Example 4] has the total spacê
with the Q-action given by q · (g, v, d, p) = (g, v, dq −1 , qpq −1 ). It is straightforward to check that one has the Lie groupoid isomorphism G →Ĝ given by
Examples related to semi-simple Lie groups. In this section, we recall how a real or complex semi-simple Lie group can be made into a Poisson Lie group, and we review examples of homogeneous Dirac structures on such Poisson Lie groups and of their Poisson homogeneous spaces. Our constructions in §3 - §5 then give concrete examples of (real smooth or holomorphic) pre-symplectic or symplectic groupoids over such spaces, most of which have not been considered in the literature.
Throughout §6.2, we fix a connected complex Lie group G, and let g be its Lie algebra. Fix also a Cartan subalgebra h of g and a choice ∆ + of positive roots for (g, h), which lead to the decomposition g = n − + h + n, where n − and n are the nilpotent Lie subalgebras of g generated, respectively, by the negative and positive root subspaces. Set b = h + n and b − = b + n − , and let B and B − be the respective Borel subgroups of G with Lie algebras b and b − . Let H = B ∩ B − , a maximal torus of G, and let N = exp(n) and N − = exp(n − ) be the respective unipotent radicals of B and B − .
In what follows, if τ : X → X is an involution on a set X, let X τ = {x ∈ X|τ (x) = x}.
6.2.1. Real semi-simple Poisson Lie groups. Let ·, · g be a positive multiple of the Killing form of g, and let ·, · g,0 be the imaginary part of ·, · g . Regarding g as over R, then (g, ·, · g,0 ) is a real quadratic Lie algebra. When g is simple, (real) lagrangian subalgebras of (g, ·, · g,0 ) have been classified in [35] , and the geometry of the variety L(g, ·, · g,0 ) of all lagrangian subalgebras of (g, ·, · g,0 ), such as its irreducible components and its G-orbits, where G acts on L(g, ·, · g,0 ) through the adjoint action on g, have been studied in [25] . In particular, any real form g 0 of g is a lagrangian subalgebra of (g, ·, · g,0 ) because ·, · g takes real values on g 0 . If V is a real lagrangian subspace of h with respect to ·, · g,0 | h , then V + n is also a lagrangian subalgebra of (g, ·, · g,0 ). Other "in-between" examples in L(g, ·, · g,0 ) can be obtained using parabolic subalgebras of g and we refer to [25] for details. By Remark 3.13, any splitting g = l 1 + l 2 with l 1 , l 2 ∈ L(g, ·, · g,0 ) gives rise to (not necessarily unique) pairs of dual Poisson Lie groups, and any additional choice of l ∈ L(g, ·, · g,0 ) gives rises to homogeneous Dirac structures on the two Poisson Lie groups, and Theorem 3.12 gives integrations of such Dirac structures.
We will concentrate on lagrangian splittings of (g, ·, · g,0 ) of the form g = g 0 + l 0 , where g 0 is a real form of g. Let g 0 = g τ , where τ is a complex conjugate linear involution of g, and assume that τ is also the differential of an anti-holomorphic involution on G, also denoted by τ . Then G 0 := G τ is a real semi-simple Lie group and a real form of G. As shown in [31] , replacing g 0 by Ad g g 0 for some g ∈ G if necessary, one may assume that h is τ -stable and that τ (n) = n − , and one then has the lagrangian splitting 
Dirac structures on G 0 (resp. on L 0 ), integrations of which can then be constructed via Theorem 3.12 using integrations φ L : L → G of l → g. When G 0 = K is a compact real form, one can take L 0 = AN , where A = H −τ , and the group multiplication gives a diffeomorphism AN × K → G, and Remark 6.1 applies. In this case, G = KAN is an Iwasawa decomposition of G, and the Poisson Lie group (K, π K ) and its dual Poisson Lie group (AN, π AN ) are studied in detail [1, 32, 46] .
Turning to examples of Poisson homogeneous spaces of (G 0 , π G 0 ), take first G 1 = G τ 1 any other real form of G. As the Lie algebra g 1 = g τ 1 is a lagrangian subalgebra of (g, ·, · g,0 ), the (real) symmetric space G/G 1 of G then has a Poisson structure π defined by the lagrangian splitting in (6.2) (see Definition 6.2). By Proposition 6.3, every G 0 -orbit in G/G 1 , equipped with the restriction of π, is a Poisson homogeneous space of (G 0 , π G 0 ). Assume, without loss of generality, that τ τ 1 = τ 1 τ . Then the G 0 -orbit through eG 1 ∈ G/G 1 can be identified with the symmetric space G 0 /H 0 of G 0 , where 
, which is a fiber bundle over the compact Riemannian symmetric space G 0 /H 0 with fibers diffeomorphic to the non-compact Riemannian symmetric space G 1 /H 0 . The Poisson manifold (G 0 /H 0 , π) in this case was studied in more detail in [30] .
As a second class of examples of Poisson homogeneous spaces of the real semi-simple Poisson Lie group (G 0 , π G 0 ), consider the flag variety G/B regarded as a real compact manifold. Since the Lie algebra b of B is coisotropic with respect to ·, · g,0 , the lagrangian splitting g = g 0 + l 0 in (6.2) again defines a Poisson structure π on G/B (Definition 6.2), and by Proposition 6.3, each of the (finitely many) G 0 -orbits in G/B is a Poisson homogeneous space of (G 0 , π G 0 ). Let O be an arbitrary G 0 -orbit in B. By [55, Theorem 6.1.4], O contains a point of the form gB ∈ G/B where g ∈ G is such that g −1 τ (g) ∈ N G (h), the normalizer of h in G. Fix such a g ∈ G and let
By the proof of [31, Theorem 4.1], the Drinfeld lagrangian subalgebra associated to
as an integration of l, and noting that G 0 ∩ gBg −1 ⊂ L, one can again apply the quotient construction in Theorem 4.1 to obtain a symplectic groupoid integrating the Poisson manifold (O, π).
6.2.2.
Complex semi-simple Poisson Lie groups. Consider now the complex quadratic Lie algebra (d, ·, · d ), where d = g ⊕ g is the direct product Lie algebra and
Lagrangian subalgebras of (d, ·, · d ) were classified in [36] , and the geometry of the variety L(d, ·, · d ) of all lagrangian subalgebras of (d, ·, · d ), such as its irreducible components and its G × G and G diag -orbits, was studied in [26] . In particular, for any θ ∈ Aut(g),
Lagrangian splittings of (d, ·, · d ) of the form d = g diag + l are called Belavin-Drinfeld splittings, as they were classified, up to conjugation by elements of G diag , by Belavin and Drinfeld [5] . We denote any such splitting by d = g diag + l BD and the corresponding multiplicative holomorphic Poisson structure on G ∼ = G diag by π BD . In particular, one has the standard splitting d = g diag + l st , where
and the corresponding complex Poisson Lie group (G, π st ) is the semi-classical limit of the most studied quantum group C q [G] (see [23] ). By Remark 3.13 (applied to the holomorphic setting), any l ∈ L(d, ·, · d ) defines a (G, π BD )-homogeneous holomorphic Dirac structure E on G, and Theorem 5.3 gives a canonical construction of a holomorphic pre-symplectic groupoid over G integrating E. Let θ ∈ Aut(G) and let
2 ), so that the G diag -orbits in (G × G)/G θ become θ-twisted conjugacy classes in G. If θ is involutive, the θ-twisted conjugacy class through e ∈ G can then be identified with the symmetric space G/G θ . As the Lie algebra g θ of G θ is lagrangian with respect to ·, · d , any Belavin-Drinfeld splitting gives rise to a holomorphic Poisson structure π ′ BD on (G × G)/G θ ∼ = G, which respect to which every θ-twisted conjugacy class in G becomes a Poisson homogeneous space of (G, π BD ). As explained in Example 6.4, for every θ-twisted conjugacy class C, Theorem 5.3 then gives a holomorphic symplectic groupoid integrating (C, π ′ BD ). The complex Poisson manifold (G, π ′ st ) corresponding to the standard splitting has been studied in [2, Proposition 3.18] and [27] for θ = Id and in [45] for general θ.
Let now P be any parabolic subgroup of G. As the Lie algebra p of P is coisotropic with respect to ·, · g , each Belavin-Drinfeld splitting of d defines a Poisson structure Π BD on (G × G)/(P × P ) ∼ = (G/P ) × (G/P ), with respect to which every G diag -orbit is a Poisson homogeneous space of (G, π BD ). Identified with the unique closed G diagorbit, the (partial) flag variety G/P of G then carries the Poisson structure Π BD making it into a Poisson homogeneous space of (G, π BD ). It is easy to see, using Proposition 6.3 that L = {(p 1 , p 2 ) ∈ P × P |p 1 p −1 2 ∈ N P } is a Lie subgroup of G × G integrating the Drinfeld lagrangian subalgebra associated to (G/P, Π BD ) as a Poisson homogeneous space of (G, π BD ), where N P is the uniradical of P . Since L ⊃ P diag ∼ = P , the quotient construction on Theorem 5.3 now gives a holomorphic symplectic groupoid integrating the complex Poisson manifold (G/P, Π BD ).
Finally, regarding G as a homogeneous space of itself, any two Belavin-Drinfeld lagrangian splittings d = g diag + l BD = g diag + l ′ BD define (G, π BD )-affine Poisson structures on G and Example 3.14, adapted in the holomorphic setting, describes in more details their symplectic groupoids constructed in Theorem 5.3 (by taking H to be trivial).
It should be clear from our discussions that related to the complex semi-simple Lie group G, there are many interesting Poisson Lie groups other than (G 0 , π G 0 ) from §6.2.1 and (G, π BD ) from this section, for example their dual Poisson Lie groups and their Poisson Lie subgroups, as well as many other interesting Poisson homogeneous spaces of such Poisson Lie groups. Detailed studies on and applications of the corresponding pre-symplectic and symplectic groupoids will be explored elsewhere.
where we denoted the multiplication maps on G * and L by m G * and m L , and used that T m L (z r | l , z ′ r | l ′ ) = (z + Ad l z ′ ) r | ll ′ .
Observe now that w σσ ′ = (Ad * v ′ w) σ • w σ ′ , and the multiplicativity of ω implies that
= ω σ ( (Ad * v ′ w 1 ), (Ad * v ′ w 2 )) + ω σ ′ (w 1 ,w 2 ), which is exactly (A.11). This proves the previous claim.
Recall that a groupoid 1-cocycle has an infinitesimal counterpart (see [18] ), which is a Lie-algebroid 1-cocycle:
where α ǫ is a curve on s −1 (1 g ), passing through 1 g ∈ G(L) with velocity z ∈ l| g at ǫ = 0. (If the Lie groupoid is source connected, then a groupoid 1-cocycle is uniquely determined by the corresponding infinitesimal 1-cocycle.)
Claim: dω( z, w 1 , w 2 ) = 0 for all z ∈ l, w 1 , w 2 ∈ g, if and only if the groupoid 1-cocycle c in (A.9) satisfies c ′ (z) = dµ(z)| g , for z = (u + ξ) ∈ l| g .
Here we view z ∈ l as a constant section so that µ(z) is a 1-form on G.
To prove the claim, notice that horizontal and vertical vector fields satisfy = t * (dµ(z))( w 1 , w 2 ). (A.14)
On the other hand, for σ = (v, g 1 , g 2 , l) ∈ G(L), let γ ǫ be a curve in s −1 (g 2 ) passing through σ with velocity z| σ at ǫ = 0, and let α ǫ = γ ǫ σ −1 . Then (Notice that we have only used that E = {(ρ(z), µ(z)), z ∈ l} is a Dirac structure, rather than the explicit expression for µ.) For the second equality in (A.18), we recall that [ z, w] = 0, hence
+ i w L z 1 t * µ(z) − i w dt * µ(z), ρ(z 1 ) = 0.
Here again we did no use the particular choice of µ.
Remark A.2. If we have a source-connected Lie groupoid, no further work is required. Indeed, the conditions i z dω = 0 (which holds by (A.17) and (A.14)) and ι * ω = 0 (which holds since π G * | v=1 = 0) imply that ω is automatically multiplicative, see [13, Corollary 3.13] . Moreover, i z dω = 0 implies that ω is closed: this follows from the main result in [11] (see also [13, Corollary 3.22] ), since dω is also multiplicative.
Since G(L) is not necessarily source-connected, to conclude that ω is closed, it remains to check that by the fact that π G * is a Poisson structure and (2.1).
(ii) We now verify that ω is multiplicative: we must check (see (A.13)) that ω σσ ′ ( w This concludes the proof of Theorem 3.12.
